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Abstract

This work proposes a simple calculus procedure based on the linear thermoacoustic theory. The methodology applies on rate of change
(time derivative) rather than on steady state temperature distributions so it constitutes a complementary to conventional analysis to perform
test on the reliability and applicability of the linear theory. The procedure has been applied to experimental data collected by means of
a simple prototype of thermoacoustic device. The apparatus, whose technical characteristics are described in detail along with the data
acquisition procedure, has been able to highlight the general features of the thermoacoustic effect. Measurements concern the acoustically
generated temperature gradients across a ThermoAcoustic Couple, a structure firstly introduced by Wheatley and coworkers in 1983. The
obtained results indicate that heat transfer phenomena are more critical than non linear acoustic behavior in determining the overestimation
that theoretical predictions make on experimental values.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Thermoacoustics describes energy conversion processes
activated by the interaction of the temperature oscillation ac-
companying the pressure oscillation in a sound wave with
solid boundaries. In ordinary experience this interaction of
sound and heat cannot be observed, being very low the tem-
perature differences involved, but, under suitable conditions,
it can be emphasized and amplified to give rise to remark-
able thermodynamic effects such as steep thermal gradients,
powerful convective heat fluxes, strong sound fields.

Since 1850 Sondhaus [1] noticed that when a hot glass
bulb was attached to a cool glass tubular stem it emitted
sound. The complementary effect was pointed out, among
others, by Merkli and Thomann [2] who in 1972 observed a
cooling effect near the velocity antinode of an acoustically
resonating tube closed at one end and driven at the other
end by an oscillating piston. The first qualitative explanation
of the phenomenon was given in 1896 by Rayleigh [3] who
emphasized the importance of the time phasing between
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temperature and fluid particle motion. But only in 1969
Rott [4] formulated a quantitative first order (linear) theory,
subsequently developed and refined by Swift [5].

Nowadays, thermoacoustic devices have reached a good
level of advancement and seem to have the immediate po-
tential to be used as alternative to conventional energy-
conversion systems that are in widespread use such as the
internal combustion engine, the steam turbine, the vapour-
compression refrigerator, the gas turbine, etc. Thermoa-
coustic engines, in fact, have the advantage of a complete
absence of moving mechanical parts and operate using en-
vironmentally no-harmful working fluids so they hold out
the possibility of extreme simplicity and reliability. These
characteristics, in turn, could lead to low manufacturing
and maintenance costs. Relevant prototypes are the pioneer
Hofler’s thermoacoustic refrigerator [6], the liquid sodium
[7,8] and 13.8 bar helium filled [9] acoustic prime movers,
the SETAC [10] and STAR [11] thermoacoustic refrigera-
tors, the multipurpose life sciences cooler TALSR [12] capa-
ble of producing 419 W of cooling power or the TADOPTR
unit [13,14] (a natural and industrial gas liquefier) having a
liquefying capacity of about 600 liter per day and which uses
a natural gas burner as power source.
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Nomenclature

a speed of sound . . . . . . . . . . . . . . . . . . . . . . . m·s−1

cA specific heat per unit area of a stack
plate . . . . . . . . . . . . . . . . . . . . . . . . . . . . J·m−2·K−1

cP isobaric specific heat of the working
fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

cS specific heat of the stack plates . . . J·kg−1·K−1

C “cold” side of the stack
DR = PA/Pm drive ratio
fν Rott’s function
Ḣ2 enthalpy flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . W
H “hot” side of the stack
i imaginary unit
k∗ complex wave number . . . . . . . . . . . . . . . . . . m−1

K thermal conductivity of the working
fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−1·K−1

KS thermal conductivity of the stack
plates . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−1·K−1

l half of the plate thickness . . . . . . . . . . . . . . . . . m
L resonator length . . . . . . . . . . . . . . . . . . . . . . . . . . m
PA amplitude of the dynamic pressure at the

driver-end . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
Pm mean pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
P1 local amplitude of the dynamic pressure . . . . Pa
q̇2 heat flux extracted fromC per unit area of

plate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

(q̇2)0 initial time heat flux extracted fromC per unit
area of plate . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

Q̇2 heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W
(Q̇2)0 initial time heat flux . . . . . . . . . . . . . . . . . . . . . . W
Re Reynolds number
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
TC local temperature inC . . . . . . . . . . . . . . . . . . . . K
TH local temperature inH . . . . . . . . . . . . . . . . . . . . K
Tm mean temperature . . . . . . . . . . . . . . . . . . . . . . . . K
T1 local amplitude of the acoustic temperature

oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
UA amplitude of the acoustic particle velocity at the

driver-end . . . . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

u1 local amplitude of the acoustic particle
velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

x axial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . m
X x axis
y transverse coordinate . . . . . . . . . . . . . . . . . . . . . m

yo half distance between two plates . . . . . . . . . . . m
Y y axis
Ẇ2 acoustic power . . . . . . . . . . . . . . . . . . . . . . . . . . . W

Greek symbols

α sound absorption coefficient . . . . . . . . . . . . . m−1

β thermal expansion coefficient of the working
fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K−1

β ′ phase constant . . . . . . . . . . . . . . . . . . . . . . . . . m−1

γ ratio of the isobaric to isochoric specific heat
γ ′ propagation constant . . . . . . . . . . . . . . . . . . . m−1]
δS thermal penetration depth of a stack plate . . . m
δκ thermal penetration depth of the working

fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
δν viscous penetration depth of the working

fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
$x stack length along theX direction . . . . . . . . . . m
$T = (TH − TC) temperature difference . . . . . . . K
εS stack heat capacity correction factor
λ wavelength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ξ = (L− x) mean distance of the stack from the
driver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Π transverse perimeter of a stack-plate . . . . . . . . m
ρm mean density of the working fluid . . . . . kg·m−3

ρS density of the stack-plates . . . . . . . . . . . . kg·m−3

σ Prandtl number
ω angular frequency . . . . . . . . . . . . . . . . . . . rad·s−1

Subscripts

0 initial time value
1,2, . . . first, second, . . . order acoustic variable
A per unit area value, acoustic amplitude at the

driver-end
C value referred to the cold side of a plate
H value referred to the hot side of a plate
m mean
P isobaric
s solid stack
x x component
κ thermal
ν viscous

Although the efficiencies of prototypes are improving
they are at twenty to thirty percent of Carnot efficiency,
still below those of conventional technologies. The es-
timates of the performances of these engines are actu-
ally obtained from the linear theory of thermoacoustics.
It is generally found that the measured performances are
consistent with linear analysis only at low values of the
drive ratio DR (the ratio of the acoustic pressure ampli-

tude in a pressure antinode,PA, to the mean pressure of
the fluid, Pm). At high pressure amplitudes (forDR =
PA/Pm � 0.003) the calculated thermal and acoustic quan-
tities systematically overestimate the measured ones by
twenty, thirty and in some cases also by fifty percent [9,
15–17]. From a practical point of view these deviations are
deleterious because are associated with a decrease in effi-
ciency.
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On the other hand, in the perspective of widespread com-
mercial applications of thermoacoustic engines, the design
of even more efficient apparatus requires an understanding
of the origin of such deviations for the sake of obtaining re-
liable theoretical predictions at moderate and large dynamic
pressure amplitudes.

An important matter is then to point out an eventual
sudden onset for the deviations from the behavior expected
by the linear theory as well as to establish if the origin
of such deviations is imputable to complex non-linear
processes [18] or to heat transfer phenomena [19–21] which
are not taken into account by the standard theory.

In such contexts, this work proposes a simple calculus
procedure which could help to investigate on the above
formulated issues. The methodology, based on the linear
theory, applies on rate of change (time derivative) rather
than on steady state temperature distributions. In partic-
ular, the derivatives can be taken at the start-up (ini-
tial time) of the devices when temperature is uniform
through all the system and no (time-average) thermal ex-
changes can take place among different components of
the system or between the system and its surrounding. In
this way, the influence of heat transfer problems (not in-
cluded in the standard theory) on the experimental data
is naturally eliminated (or minimized) and eventual devia-
tions from the linear theory have to be attributed to other
causes such as non-linear acoustic behavior, turbulent flux,
etc.

Unfortunately, the experimental data to be found in lit-
erature refer to devices operating in steady-state conditions
and do not include temporal measurements relative to the
transient regime of approach to the dynamic equilibrium to
which our calculus procedure applies. For this reason, in the
present work an experimental study on the thermoacoustic
effect has been carried out making use of structures and ap-
paratus the simplest as possible in order to facilitate the in-
terpretation of the experimental results.

The thermoacoustic device assembled is based on the so
called “ThermoAcoustic Couple” (TAC) firstly introduced
by Wheatley and coworkers [22–24] in 1983 and further
adopted by other researchers [15,21]. The time evolution
of the temperature gradients induced across the TAC by an
acoustic standing wave has been measured as a function of
the TAC position relative to the acoustic field and of the
drive ratio. The TAC, introducing a simplification of the
theory underlying the thermoacoustic phenomenon allows
precise quantitative analysis without complicated analytical
computations.

The aim of the present work, therefore, is to illustrate
an application of the calculus procedure to the experimental
data collected by means of the above described prototype.
At this stage, collected data fall only in the moderately high
drive ratio domain(DR � 0.011) where deviations begin to
show up and over which thermoacoustic devices generally
operate.

2. Theory

An exhaustive treatment of the linear theory (first order
expansion in the acoustic amplitude of all basic variables) of
thermoacoustic heat transport can be found in the review ar-
ticle of Swift [5]. Here we only give a qualitative description
of the phenomenon reporting the analytical formulas applied
for the analysis of the experimental results. The notation is
the same used by Swift.

When a short stack of parallel plates is properly placed in-
side an acoustically resonant tube, a thermal gradient rapidly
develops across the plates, in the longitudinal directionX

(see Figs. 1 and 2), i.e., in the direction of the particle
acoustic displacement. If the stack is well thermally in-
sulated, a limiting temperature distribution quickly results,
where the “hot” side of the stack,H , is close to the near-
est pressure antinode and the “cold” side,C, is close to

Fig. 1. Sketch of the experimental apparatus and of the stack plates geometry.
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Fig. 2. Pressure velocity and temperature distributions along the resonator.

the nearest velocity antinode. The temperature difference
thus obtained$T = TH − TC can greatly exceed the adi-
abatic gas temperature oscillations resulting from the pres-
sure oscillations. It is well established that the origin of
such an effect must be attributed to an acoustically stimu-
lated hydrodynamic heat flow which takes place in the gas
within a thermal penetration depthδκ from the surface of
the plates and is directed fromC to H . If the equilibrium
thermal gradient is lower than a critical value [5] and the
stack ends are supplied with heat exchangers, a heat pump
is then obtained, where the work is done by the acoustic
field.

The basic physical mechanism of this effect can be
singled out considering that in an acoustic wave fluid
particles are adiabatically expanded and compressed about
their mean equilibrium positions. For particles oscillating
within a distanceδκ from the plates the thermal interaction
with the solid boundary introduces a time phase lag between
temperature and pressure oscillating fields (otherwise in
phase). In this way, particles are forced to describe in
their oscillatory motion thermodynamic cycles with non-
zero areas so absorbing mechanical work from the stationary
wave. At the same time, they are able to pick up heat from
the plates in a low temperature point and to return it in
another point at higher temperature.

Balance equations of fluid mechanics provide the fol-
lowing expression for the time-averaged hydrodynamic heat
flow in the directionX along a plate of the stack [22]

Q̇2 =Π

y0∫
0

(
ρmcP T1u1 − TmβP1u1

)
dy (1)

where bars denote time-average over an acoustic cycle.
The integration of this equation is simplified if the stack

plates satisfy the requisites of a TAC:

($x � λ/2π) “short stack approximation”
(δκ, δν � yo; δs � l) “boundary layer approximation”.

We however do not directly integrate Eq. (1) but utilize
results of Ref. [5] to find an explicit expression oḟQ2.
Starting from the first principle of thermodynamics

Q̇2 = Ḣ2 − Ẇ2 (2)

we replace the hydrodynamic enthalpy flux(Ḣ2) with the
first two terms of Eq. (A.30) of Ref. [5] and the acoustic
power flow(Ẇ2) with Eq. (A.32) of Ref. [5] which can be
rewritten in the equivalent form

Ẇ2 = Πyo

2ωρm
Im

[
P1

dP̃1

dx

(
1− f̃ν

)]
(3)

where the Rott’s functionfν is defined as

fν = tanh[(1+ i)yo/δν]
(1+ i)yo/δν

(4)

and where tilde indicates complex conjugation. Moreover,
we use Eq. (73) of Ref. [5] to express the derivatives
(dP1/dx) and(dP̃1/dx) in terms of〈u1〉 and〈ũ1〉. Making
substitutions and applying simplifications deriving from the
“short stack” and “boundary layer” approximations [5] the
following relation for the time average hydrodynamic heat
flow along theX direction is found:

Q̇2 = Πδκ

4

Tmβ

(1+ εs)(1+ σ )

× Im

{ [(1+ √
σ)+ i(1− √

σ)]
[1− (1− i)δν/2yo] P1〈ũ1〉

}

− Πδκ

4

ρmcP [(1+ σεs)− σ
√
σ(1+ εs)]

ω(1 + εs)(1− σ 2)(1− δν/yo + δ2
ν/2y2

o)

× dTm
dx

∣∣〈u1〉
∣∣2 (5)

whereεS = (
√
KρmcP )/(

√
KSρScS) and brackets〈 〉 denote

transverse spatial average (along theY direction). Moreover,
in Eq. (5) the sign of the first addend has been changed
(− → +) to take into account the sign ofP1 and〈u1〉 (see
Eqs. (11)). In this way, positive values oḟQ2 mean average
heat flows toward the driver-end, i.e., toward the nearest
pressure antinode, as it must result if the device is operating
in the refrigeration mode.

As no thermal reservoirs are connected to the stack
ends, the flow is sustained from the plates themselves. Each
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plate, therefore, will cool atC, where heat is removed
and will heat atH , where heat is reversed. However, as
a consequence of thermal conduction in the plates and in
the surrounding gas, the magnitude of the resulting thermal
gradient (dTm/dx) cannot grow indefinitely. The maximum
(equilibrium) value of dTm/dx, in fact, is achieved wheṅQ2
is perfectly balanced by a diffusive heat flow fromH to C.
The balance equation for each pointx along the plate is:

Q̇2 −Π(Ky0 +Ksl)
dTm
dx

= 0 (6)

Substituting Eq. (5) in Eq. (6) and replacing dTm/dx
with (TH − TC)/$x = $T/$x one find for the maximum
(steady-state) temperature difference expected across the
TAC

$T = Tmβ$x

(1+ εs)(1+ σ)

× Im

{ [(1+ √
σ)+ i(1− √

σ )]
[1− (1− i)δν/2yo] P1〈ũ1〉

}

×
[

ρmcP [(1+ σεs)− σ
√
σ(1+ εs)]

ω(1 + εs)(1− σ 2)(1− δν/yo + δ2
ν/2y2

o)

∣∣〈u1〉
∣∣2

+ 4(yoK + lKs)

δκ

]−1

(7)

whereP1 and〈u1〉 are calculated at the mean position of the
stack.

As a TAC may be retained to be acoustically not intru-
sive, pressure and velocity of the stationary wave can be ex-
pressed with the standard formulas [25,26]:

P1 = iρmω

γ ′ UA
cosh(γ ′x)
sinh(γ ′L)

〈u1〉 =UA
sinh(γ ′x)
sinh(γ ′L)

(8)

whereγ ′ = ik∗ = α + iβ ′ and where, at a first approxima-
tion, the Kirchoff–Rayleigh’s formula for sound absorption
in wide tubes [3] can be used to evaluateα andβ ′

α = ωδν

2aR

[
1+ (γ − 1)

δκ

δν

]
β ′ = ω

a
+ α (9)

These equations describe a standing sound wave in a tube
of lengthL closed at the endx = 0 with an acoustically
hard termination, driven at the endx = L by a piston
vibrating with amplitude velocityUA and resonating for
β ′L= nπ (n= 1,2,3, . . .) (see Fig. 2).

Anyway, since our measurements involve the acoustic
pressurePA at the driver-end (x = L) it is convenient to
rewrite Eqs. (8) in a slightly different form. Observing that
the first of Eqs. (8) yields the following relation betweenPA
andUA

PA = P1(x = L)= iρmω

γ ′ UA
cosh(γ ′L)
sinh(γ ′L)

(10)

Eqs. (8) become

P1 = PA
cosh(γ ′x)
cosh(γ ′L)

〈u1〉 = γ ′

iωρm
PA

sinh(γ ′x)
cosh(γ ′L)

(11)

Eq. (7) (or similar) has been extensively employed to com-
pare theory with experiments. These tests have demonstrated
that a good agreement exists only at low values of the drive
ratio (DR � 0.003) [8,15,27].

3. Experimental apparatus

A sketch of the experimental apparatus is illustrated in
Figs. 1 and 2. It consists of a half-wavelength [3] sealed
resonator having its fundamental resonance frequency at
about 200 Hz. The resonator was built from a straight
stainless steel tube of length 0.86 m, internal diameter 7.3 cm
and wall thickness 1 mm. The working fluid was air at
atmospheric pressure. One extremity of the tube was sealed
up by a steel plate 3 cm thick; it constitutes the rigid end
(reflector) of the resonator. At the other end a “coupling”
steel flange has been fixed to accommodate the mid-range
loudspeaker constituting the acoustic power source (driver).
A function generator provided with a GPIB interface and a
power amplifier has been employed to drive the system at the
operation frequency and with the selected power. To reduce
as much as possible the heat input coming from the voice
coil of the loudspeaker, this last has been cooled by means of
an air flow mechanically activated. Pressure measurements
were made by a wide dynamic range miniature transducer
housed in the coupling flange where a short circular cross
section channel has been made to communicate the local
pressure to the transducer. This last is thus positioned
very near the driver end in correspondence of a pressure
antinode. The output signal, opportunely preamplified, has
been monitored by a digital memory oscilloscope. Pressure
measurements accuracy is estimable about two percent.

The stack was built having care to satisfy the TAC req-
uisites. It consists of five polyethylene plates of thickness
0.6 mm, length 7 cm (much less than the acoustic wave-
lengthλ ≈ 1.7 m), width 5 cm and separated through spac-
ers by 1.1 mm, an amount that is substantially larger than
the thermal and viscous penetration depths that, at the in-
volved frequencies, are respectivelyδκ = 0.19 mm and
δν = 0.16 mm. The density, heat capacity and thermal con-
ductivity of the plates material, found in literature, are re-
spectivelyρs = 1050 kg·m−3, cs = 1200 J·kg−1·K−1 and
Ks = 0.1–0.13 W·m−1·K−1; from the measured mass/area
ratio it resultedcA = 844 J·m−2 for the heat capacity per
unit area of a stack plate. The TAC was placed in a cylindri-
cal support structure of i.d. 6 cm, length 10 cm and thick-
ness 1 mm; this last has been “suspended” inside the tube
by means of thin spacers. Temperature measurements at the
extremitiesH and C of the central plate have been per-
formed with an accuracy of±0.1 K by means of two minia-
ture thermo-resistances and two digital multimeters pro-
vided with GPIB interface. Thermo-resistances have been
inserted within the central plate to minimize their impact on
the acoustic field. The other plates (“guard plates” [15]) ac-
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complish essentially to the task of reducing the heat flow in
the transverseY direction.

The hermetic seal of the entire apparatus has been
guaranteed providing each movable part (closed end plate,
coupling flange, etc.) withO-ring seals and fitting any
possible gap with vacuum grease. In this way the device
can be easily assembled and disassembled to allow a rapid
replacement of the TAC inside the resonator.

Taking into account for the reproducibility of the exper-
imental measurements, the overall accuracy of the experi-
mental data is of the order of ten percent.

4. Operation procedure and experimental results

The heating and cooling effects at the stack ends were
studied quantitatively recording as a function of time the
thermo-resistance signal output when system is driven at
its fundamental resonance frequency. This last has been
determined in a preliminary phase tuning the frequency at
low dynamic pressure until the microphone signal reaches a
maximum. Sufficient time is then allowed to pass until every
eventual thermal gradient raised inside the TAC is annulled.
At the beginning of each set of measurements the entire
structure is at room temperature (∼293 K). Next, the forced
ventilation for driver refrigeration is started and acoustic
power is suddenly applied (att = 0) with the amplifier gain
set to the proper level. In order to get information on the
dependence of the TAC response on the dynamic pressure
amplitude and on the spatial profile of the standing wave,
measurements have been performed for different positions
of the TAC along the resonator axis and for different gain
levels of the audio amplifier.

In Fig. 3 a typical experimental result is shown. Data
reported refer to the time variation of the temperaturesTH
andTC , measured at the extremities of the central plate of
the TAC, and of their difference$T = (TH − TC), for a

Fig. 3. Time evolution of the measured temperatures at the ends of the
central plate of the stack for given values of the drive ratio (DR) and of the
mean distance of the TAC from the driver end(ξ). Dotted lines are guides
for the eye. The straight line is a fit of the experimentalTC data in the first
few seconds of the process with a linear law.

selected dynamic pressure and for a fixed position of the
stack inside the resonator. The temperature difference across
the stack increases rapidly in the early stages of the process,
where its growth is highest. The trend clearly reflects the
increasingly role played by a diffusive heat flow fromH toC
which tends to balance the hydrodynamic one. As driven by
the temperature difference$T , this flow is zero at the initial
time (t = 0), where curves exhibit their maximum slope, and
maximum at the steady state, when curves become flat.

In Fig. 4 the measured (points) steady-state temperature
difference across the TAC is plotted as a function ofξ ,
the mean distance of the TAC from the driver end of the
resonator, at selected drive ratiosPA/Pm. The dramatic
reduction of the heating and cooling effects forξ →
L/2 = 0.43 m reflects the approaching of the pressure node
where the TAC response would theoretically be zero. As
it results from Eq. (7), in fact, the temperature difference
$T = (TH − TC) is proportional to the product of particle
velocity and acoustic pressure. Therefore, if either of these
variables is zero, so must be$T . The reduction of the
effect is much less intense forξ → 0 and visible only
in the curve at the lowest drive ratio. This trend, not
observed in analogue studies [15,22] (where the TAC was
positioned near the closed end of the resonator) would be
an effect of the approaching of the loudspeaker [28]; in
principle, the cross section atξ = 0 would coincide with
the oscillating diaphragm of the loudspeaker and, therefore,
does not correspond to a velocity node.

5. Analysis and discussion

In Fig. 4 the comparison between the experimental$T

values (points) and the theoretical ones (lines) is reported.
These last have been computed by means of Eq. (7) utilizing

Fig. 4. Measured (points) and theoretical (lines) values of the equilibrium
temperature differences along the central plate of the TAC as a function of
the mean distance of the TAC from the driver end(ξ) and for selected values
of the drive ratio (DR).
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the known thermo-physical properties of the gas and making
use of Eqs. (9) and (11) to evaluateα,β ′ and the local
values ofP1 and 〈u1〉, (PA and ω being experimentally
measured). As it is clearly visible, the measurements agree
well with theory only for drive ratios less than approximately
two-tenth percent, the agreement being lost at higherDR
values. The predicted$T values, in fact, overestimate the
measured ones and the discrepancy grows at increasing the
drive ratio. At the highestDR shown in Fig. 4 the theoretical
values exceed the experimental ones by about forty percent.
Each curve approaches the measured data only in proximity
of the pressure node and antinode where thermoacoustic
effect naturally vanishes. In no case, moreover, theoretical
predictions agree with the maximum$T location and with
the experimental points located aroundL/4(ξ ≈ 0.2 m).
Eq. (7), however, is able to take into account the observed
evolution from a sinusoid to a saw-tooth curve and the shift
of the maximum temperature difference towards the pressure

Fig. 5. Measured initial time rate of change of the temperature at the “cold”
side(C) of the central plate of the stack as a function of the mean distance
of the TAC from the driver end(ξ) and for fixed values of the drive ratio
(DR). Dotted lines are guides for the eye.

antinode, two features also highlighted in references [15]
and [22].

It must be observed, however, that reliability of data
suffers (in addition of the experimental uncertainty which,
anyway, does not justify the observed deviations) from
intrinsic limitations which can be due to the following
causes:

(A) non-linear effects (presence of harmonics greater than
the fundamental);

(B) turbulent flow, vortex generation, jetting (which can
become relevant at the stack ends);

(C) spurious heat leaks from the outside (the resonator tube
was not insulated from the surrounding);

(D) heat generated by viscous losses on the resonator walls
and carried to the stack by acoustic streaming (this time-
averaged convective heat flux constitutes an additional
thermal load to the cold end of the stack);

(E) heat fluxes in the transverseY direction (contrarily to
what is assumed by the standard theory of thermoa-
coustics, the time-average temperature of the fluid could
be different from that of the adjacent stack-walls);

(F) heat transfer at the ends of the stack (the hypothesis of
a perfectly isolated stack, i.e., one for which no heat is
allowed to enter or leave either transversally or axially
through the ends, could not hold).

The effect of phenomena labeled with letters (C), (D),
(E), (F), is obviously maximum when system is in dynamic
equilibrium and minimum during the first few seconds after
the sudden application (t = 0) of sound to the tube (when
temperature is still uniform through the entire system). So,
to get quantitative information on the initial time heat flux
(Q̇2)0, the initial time rate of change of the temperature at
the cold side of the stack(dTC/dt)0 has been extracted from
the temporal measurements. To this end the experimental
TC(t) curves have been fitted with a linear law in the initial
times of the process. In fact, during the first few seconds,

Fig. 6. Magnified illustration of a stack-plate and elementary thermoacoustic cycle. Parcels of gas (boxes) are compressed, expanded and displaced by the
acoustic field, and exchange heat with the plate. Boxes labeled with(a) and(a′) (and similarly for the other) indicate the same parcel at the extreme positions
of its oscillatory motion so(b) takes the place of(a′), (c) takes the place of(b′), etc. At middle positions of the plate the net heat transfer from fluid to plate
is zero. In fact, heatδQ extracted from the plate by(c) is reversed to the plate by(b′) half acoustic cycle after, heatδQ extracted from the plate by(d) is
reversed to the plate by(c′) half acoustic cycle after and so on. However, at the stack-ends this conclusion is no more true. Parcel(a′), for example, does not
make thermal contact with the plate in the(a) position. So, even if it is cooler by 2T1 on moving on(a), it has no means to relax its temperature and does not
contribute to the heat flow. The heat absorbed from the plate by(b), therefore, is not compensated and a net quantity of heat is extracted every cycle from the
sideC of the plate on a distance from the edge equal to 2u1/ω, the peak-to-peak acoustic displacement amplitude.
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Fig. 7. Experimental (points) and theoretical (lines) values of the initial time
convective heat flux along the central plate of the stack as a function of the
mean distance of the TAC from the driver end(ξ) and for selected drive
ratios (DR).

there are no limiting or redistributing mechanisms for the
heat fluxQ̇2, then the temperature would vary linearly with
time, as it can be effectively observed in Fig. 3. The obtained
results are shown in Fig. 5.

As a plate is heated (or cooled) on both sides we can write

2
(
q̇2

)
0 = cA

(
dTC
dt

)
0

(12)

where(q̇2)0 is the initial time heating rate of the plate per
unit area. This last is related to(Q̇2)0 by the equation

(
q̇2

)
0 = (

Q̇2
)
0

(
2Πu1

ω

)−1

(13)

making the assumption that net extraction of heat occurs
at the edgeC of each plate from a band wide 2u1/ω, the
peak-to-peak acoustic displacement amplitude (see Fig. 6).
Substituting this expression into Eq. (12) one finds finally

(
Q̇2

)
0 =ΠcA

u1

ω

(
dTC
dt

)
0

(14)

The heat flux values (̇Q2)0, calculated by means of this
expression, with all parameters appearing on the right side
experimentally measured—u1 being calculated from the
measuredPA through the second of Eqs. (11)—, are plotted
in Fig. 7 as a function ofξ at selectedDR values. The
agreement with the theoretical curves calculated by means
of Eq. (5) (where now only the first term must be retained
as at the initial time of the process dTm/dx ≈ 0) is fairly
good for all the drive ratios examined. Analogously, the plot
of the experimental data as a function of (PA/Pm)

2 at fixed
ξ , reported in Fig. 8, shows as the dependence of (Q̇2)0 on
(PA)2, expressed by Eq. (5), is well satisfied.

Fig. 8. Experimental (points) and theoretical (lines) values of the initial time
convective heat flux along the central plate of the stack as a function of the
squared drive ratio(PA/Pm)2 and for selected (mean) distances of the TAC
from the driver end(ξ).

6. Conclusions

In the present work, on the basis of the linear thermoa-
coustic theory, a simple calculus procedure has been out-
lined in order to investigate the origin of the deviations of
the predictions of the linear theory from the measured per-
formances of real devices.

The method, relying on a temporal approach, naturally
minimizes the incidence on experimental data of time-
average heat transfer processes not taken into account by the
standard theory. The procedure, therefore, could constitute
a complementary to conventional analysis performed for
validation of the linear theory.

As for the experimental data presented in this work, it
is found that the onset of the deviations observed between
the theoretical$T values and the experimental ones occurs
for drive ratios greater than approximately two-tenth per-
cent. The causes for these irregularities, however, are not
found in non linear effects such as the high harmonic con-
tent of the pressure oscillations. In effect, for dynamic pres-
sure amplitudes less than one percent of the mean pressure
and for acoustic Reynolds numbers (Re = u1δν/ν [29]) near
50, linear thermoacoustic theory is expected to apply, as
is demonstrated by the good agreement found between the
rate of change of temperature measurements and the tempo-
ral analysis here proposed. On the other hand, as shown in
flow-field numerical simulations [30], effects labeled with
letter (B) become relevant forDR values greater than ap-
proximately two percent, well above the range covered in
the present investigation. The cause of the disagreement has
probably to be found in complexes processes of thermal ex-
change of the kind labeled with letters (C), (D), (E), (F). In
particular, the knowledge of the temperature and flow fields
at the edges of the stack plates is fundamental for estimating
the local value of the heat exchange coefficient. This infor-
mation, in turn, could allow to make more reliable theoreti-
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cal predictions on the value of the stack equilibrium temper-
ature gradient and to design high efficiency heat exchangers
to be connected at the stack ends.

Anyway, the good agreement found between experimen-
tal data and temporal analysis seem to validate the hypoth-
esis inherent in Eq. (13) concerning the linear dimension of
the stack-plate where net exchange of heat occurs. This re-
sult, in turn, could constitute an experimental evidence for
the fact that, at least at low drive ratios, the optimum heat
exchangers length along the particle displacement direction
(X direction) should be of the order of the local peak-to-peak
acoustic oscillation amplitude of the fluid particles (2u1/ω),
as previously argued by Swift on heuristic grounds.

A number of modifications are actually carried out on
the described prototype. The realization of a high efficiency
driver able to deliver at least 8–10 W of acoustic power is
fundamental to extend the investigation to higherDR values.
Furthermore, it is necessary to establish which one of the
causes labeled with letters (A)–(F) was revealed critical
in determining the observed deviations. This knowledge is
essential to establish which combinations of stack/resonator
dimensions and gas parameters optimize the performance of
a TAC.
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